Magnetic dipole moment of a moving electric dipole 
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The relativistic transformations of the polariza- 
tion (electric moment density) P and magnetiza- 
tion (magnetic moment density) M of macroscopic 
electrodynamics 1 imply corresponding transformations of 
the electric and magnetic dipole moments p and m, re- 
spectively, of a particle. Thus, to first order in v/c, 2 



it creates a current density 



1 

P = Po + - v x m , 

c 



m = m v x p . 

c 



(1) 
(2) 



Here, the subscripts denote quantities in the particle's 
rest frame and v is the particle's velocity. According to 
Eq. (|TJ|, a moving rest-frame magnetic dipole mo devel- 
ops an electric dipole moment p = vx mo/c. While this 
fact is well known and understood^— the complementary 
effect that a moving electric dipole acquires a magnetic 
moment does not seem to be understood equally well. 6 
There does not appear to be a consensus in the litera- 
ture as to the transformation ([2]). For example, Barut 7 
and Vekstein^ agree to first order in v/c with @, but 
according to Fisher- 



mo 



1 

~2c 



v x po, 



(3) 



implying that a moving rest-frame electric dipole po ac- 
quires a magnetic dipole moment m = — v x p /2c, which 
differs by a factor of 1/2 from that of Eq. @. The tasks 
of some problems involving a moving electric dipole in 
the authoritative text of Jackson^ , seem at first sight to 
be consistent with Fisher's transformation ([3]). 

The aim of this note is to clear up the inconsistency 
of the differing transformations @ and ([3]). To this end, 
we shall first express the electric current created by a 
moving electric dipole as the sum of polarization and 
magnetization currents, and then calculate the magnetic 
field of the moving dipole as the sum of the magnetic 
fields due to these currents. 

A rest-frame electric dipole p , located at r = r (t) 
and assumed for simplicity to be a point-like particle, 
produces a polarization 



P(r,t) =p $(r-r (i)). 



(4) 



Although its net charge vanishes, the dipole is a carrier 
of a bound charge distribution 



Pb (r,t) = -V-P(r,t) 

= -po-V*(r-ro(t)). 



(5) 



J(r,i) = vp b (r,t) 

= -v(p -V)<5(r-r (i)). 



(6) 



The same current density can obviously be obtained by 
modeling the moving electric dipole as two equal and 
opposite point charges, separated by an infinitesimal dis- 
placement and moving with the same velocity v. 

On the other hand, the time-dependent polarization 
(U) produces a polarization current density 3 p (r,t) ac- 
cording to 



Jp(r,i) 



dP{r,t) 

-po(v-V)*(r-r (t)), 



(7) 



assuming that the dipole moment po itself does not de- 
pend on timej^i If the moving electric dipole develops 
a magnetic dipole moment m, then, in addition to the 
polarization (j4]), there is also a magnetization 



M(r,t) = m<y(r-r (t)) s 



(8) 



which produces a magnetization current 3 m (r,t) accord- 
ing to 



J m (r,i) = cV x M 

= cV x [m<5(r — r (t))]. 



(9) 



If now the magnetic dipole moment m generated by the 
motion of the electric dipole is given by 



1 

m = — v x po, 

c 



(10) 



When the dipole is moving with a velocity v = dro(t)/dt, 



then the sum of the bound currents ([7]) and ([9]) equals 
the "convection" current ([5]). Indeed, we then have 

J p (r,t) + J m (r,t) 
= -p (v • V)5(r - r (t)) - V x [(v x p )«5(r - r (i))] 
= -v(p .V)5(r-r (i)), (11) 

where the last line was obtained using standard vector 
calculus identities. The circulating magnetization cur- 
rent due to the magnetic moment (ITTJ|) is modified by the 
currents arising from the polarization current density ([7]) 
so that the resulting net current is directed along the 
dipole's velocity v. 

In the nonrelativistic (quasi-static) limit, the vector 



2 



potential due to the polarization current ([7]) is 
1 f j3r , J P (r',t) 



A p (r,t) = - c J d 



po f A , (vV>(r'-r,i 
|r — r'| 

v • (r — r') 



d 6 r'5(r'-v (t)) 



1 v(r-r (t)) 
c |r-r (i)| 3 P °- 



r — r 



'13 



(12) 



Here, the integral in the 2nd line was performed by parts 
and the integral of the resulting gradient term was trans- 
formed into a vanishing surface integral. The vector po- 
tential of the magnetization current ([9]) that is due to the 
magnetic moment (p~0|) is evaluated similarly: 

1 f j3„' Jm(r , t) 



A m (r,t) = ~j d 



r — r 



1 [ ^ V'x[(vxp ),5(r'-r ft))] 



c J \v — r 

1 (v x po) x (r - r (f)) 
c |r — r (i)| 3 



(13) 



The magnetic field B of the moving electric dipole is 
therefore the sum 



B B m + Bp, 



(14) 



where 



B m = V x A m (r,t) 

_ _1 3[n- (v x p )]n-v x p 
c |r-r (i)| 3 



(15) 



the magnetic field due to the vector potential (|13p , is the 
magnetic field of the magnetic moment (|10j) , and 



Bp = V x Ap(r,f) 



1 3(n-v)n — v 
- Po x 



(16) 



|r-r (t)|3 

is the magnetic field due to the vector potential (IT2l . 
created by the polarization current ([7]). Here, 



r-r ft) 
|r-r (t)| 



(17) 



is a unit vector along the direction from the dipole's lo- 
cation r to the field point r. The sum of the expressions 
(fl"6|) and (fT5|) reduces to 



where 



E 



B = -vxE, 

c 



3(n-p )n-p 

|r-r (i)| 3 



(18) 



(19) 



is the electric field of the moving dipole in the nonrela- 
tivistic limit. We note that the magnetic field (fl8|) is the 
same as that obtained by Lorentz transforming to first 
order in v/c the dipole's rest-frame electromagnetic field 
to the laboratory frame. 

The dipole transformation ([2]), implying that a moving 
rest-frame electric dipole po acquires a magnetic dipole 
moment m = — v x po/c, is thus correct, though the 
magnetic field due to the dipole moment m is not the 
whole magnetic field of the moving electric dipole, which 
includes also the magnetic field created by the polar- 
ization current^ The magnetic dipole moment = 
— (l/2c)v x po arises in a different decomposition of the 
moving dipole's magnetic field,-! 3 * 



B = B 



m/1 -Yc UX 



(v • n)p + (po ■ n)v 

|r-r (t)| 3 



(20) 



where the first term is the magnetic field due to the dipole 
moment |m and the second term, which is symmetric in 
Po and v, has a curl that is proportional to the displace- 
ment current of the electric quadrupolc field that is cre- 
ated when the electric dipole's location is off the origin, 
i.e. r ^ 0-i 3 - 

The transformation (j3j) of Fisher was arrived at using 
the standard definition m = (l/2c) J d 3 rr x J. The ori- 
gin of this definition is in a multipole expansion of the 
vector potential of a localized current distribution that is 
assumed to be divergenceless, i.e. V • J = 0, so that the 
value of m is independent of the choice of the reference 
point r = 0?^ However, the net current density (J6j) of a 
moving electric dipole is not divergenceless: by the con- 
tinuity equation, V-J = —dpb/dt, and dpb/dt ^ for 
the moving dipole's charge density pb (see Eq. ([5|)). But 
as a curl, the magnetization component J m of the net 
current density J is divergenceless. It is only the mag- 
netization current J m = —V x [(v x po)<5(r — ro)] that, 
using m = (l/2c) / d 3 rr x J m , determines a magnetic 
dipole moment that is appropriate for a moving electric 
dipoleJ^ 

The full magnetic field of a moving electric dipole can 
be decomposed in more than one way. Decomposition 
(f2"0")) is not incorrect, but decomposition (fT4"|) is singled 
out by the clearcut sources of its two terms: the diver- 
genceless magnetization current due to the magnetization 
produced by the magnetic dipole moment m = — v xpo/c 
that is consistent with the transformation relations of 
special relativity and the non-zero-divergence polariza- 
tion current due to the polarization produced by a mov- 
ing electric dipole.— 
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